The standard relativistic de-Broglie-Bohm theory has the problems of tacyonic solutions and the incorrect non-relativistic limit. In this paper we obtain a relativistic theory, not decomposing the relativistic wave equations but looking for a generalization of non-relativistic Bohmian theory in such a way that the correct non-relativistic limit emerges. In this way we are able to construct a relativistic de-Broglie-Bohm theory both for a single particle and for a many-particle system. At the end, the theory is extended to the curved * Email: SHOJAI@THEORY.IPM.AC.IR † Email: FATIMAH@THEORY.IPM.AC.IR 1 space-time and the connection with quantum gravity is discussed.
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I. INTRODUCTION
Bohmian mechanics [1] [2] [3] [4] is an attempt to make a causal deterministic theory in such a way that all experimentally approved results of quantum mechanics would be reproduced.
The main character of Bohm's theory is the quantum potential . In this theory it is assumed that in addition to the classical potential there is another potential, quantum potential, which can be derived from the wave function given by:
Respectively, there is a quantum force derivable from the quantum potential as:
The Ψ-field itself satisfies the Schrödinger equation:
All the magic behaviour of quantum particles can be described in terms of this force. The theory can simply extended to the case of many-particle systems. The quantum potential is given by:
while Ψ satisfies the many-particle Schrödinger equation.
In fact the above interpretation rests on the fact that when one decomposes the Ψ-field in the Schrödinger equation into its norm and phase, one gets two equations: the first is the Hamilton-Jacobi equation including the quantum potential in whichh times the phase of the wavefunction is the Hamilton-Jacobi function, and the second is the continuity equation if one assumes that the square of the norm of the wavefunction is equal to the density of an hypothetical ensemble of the particle under consideration.
Although Bohmian mechanics as stated above is non-relativistic, about one quarter of a century before Bohm, de-Broglie presented a theory where Bohm's theory is a special limit of it [5] [6] [7] . The important point is that that theory was written in a relativistic form.
In fact if one takes the Klein-Gordon equation and then decomposes the wavefunction into its phase and norm, one gets the relativistic Hamilton-Jacobi and continuity equations:
in which S, the Hamilton-Jacobi function, is in facth times the phase of the wavefunction.
M can be interpretated as the quantum mass, which is in fact a field. de-Broglie theory has problems. [4] These problems are in fact related to the problems of the standard relativistic quantum mechanics. Difficulties are related to the definition of M. In general, M 2 is not positive-definite. [4] Accordingly this theory admits tachyonic solutions which may be argued that this is a bad property.
In fact we have two ways for understanding Bohm's theory. First, one can say that the wavefunction is the most important quantity, and the Bohmian trajectories can be obtained by decomposing the wavefunction into its norm and phase, and interpretating them as above.
The second way is to think about the wavefunction as an objectively real field exerting the quantum force on the particle. In the first approach we have the Schrödinger equation (in the non-relativistic regime), as the essential equation of the theory plus the decomposition of the wavefunction as a rule. In the second approach, the Schrödinger and the Newtons second law (containing the quantum force) are the equations of motion of particle and field. There is no difference between these two approaches in the non-relativistic domain, so this point is not highlighted in the literature. But for relativistic systems some differences would emerge. In the first approach one has the Klein-Gordon equation, and decomposing it we shall get the above equations of relativistic theory, which has the problem of non-positive-definiteness.
In the second approach we would accept the Klein-Gordon equation as the field equation, and must write down an equation of motion for the particle which is maniffestly covariant and which has the correct nonrelativistic limit. We shall show in this paper that the result would be different from the first approach, and that there is no non-positive-definiteness problem.
In this paper we shall assume that it is not the correct way only to decompose the wavefunction into its phase and norm and then interpret the result. But, in fact, the only lesson from the non-relativistic theory is that there is some quantum potential with the non-relativistic limit of the form of equation (1). So one must write down some relativistic equations with the correct non-relativistic limit (the non-relativistic Bohmian equation).
Now we have a critreria for writting de-Broglie-Bohm theory in the relativistic domain.
It is: A good relativistic causal quantum mechanics is that one which has the correct nonrelativistic limit and which is manifestely covariant.
II. RELATIVISTIC EQUATIONS OF MOTION OF A QUANTUM PARTICLE
The action functional for a single relativistic particle of mass M (which is a Lorentz invariant quantity) is given by:
in which λ is any scalar parameter used to parametrize the path r µ (λ). It can be in fact the proper time τ , but in general is different from it.
The equation of motion can be derived from the least action principle. Varying the path:
one gets:
According to the least action principle, the correct path satisfies: δA = 0 with fixed boundaries (10) so the equation of motion is:
or:
where:
Let us now investigate the symmetries of the action functional (7). Suppose we make the following transformation:
In the case of λ-translation we have the hamiltonian as the conserved current:
This can be seen by setting δA = 0 for λ-translations:
so that the integrand is zero:
This leads to (remembering that the proper time is defined as c 2 dτ 2 = dr µ dr µ ):
The equation of motion now can be written as:
The non-relativistic limit can be derived by letting the particle's velocity be ignorable with repect to the light's velocity. In this limit the proper time is identical to the time coordinate, τ = t. The result is:
writing the above equation as:
where µ is an arbitrary mass scale. In order to have the correct limit, the term in the parenthesis on the right hand side of the above equation should be equal to the quantum potential given by the equation (1) . So:
So the relativistic quantum mass field which is manifestly invariant is given by:
The first two terms of the above relation are similar to those of the standard relativistic de-Broglie-Bohm theory, provided that one sets µ = m. So
It must be noted here that since the relativistic equation of motion (19) has the correct limit, the standard relativistic de-Broglie-Bohm theory has not the correct limit as can be checked directly. In fact if one starts with the standard relativistic theory, and go to the non-relativistic limit, one did not get the correct non-relativistic equations. [8] This is an additional problem with the standard relativistic de-Broglie-Bohm theory. In our above formalism this is solved as well as the standard problems. Another important point is that the relation (26) for quantum mass leads to a positive-definite mass square.
III. RELATIVISTIC EQUATIONS OF MOTION OF A SYSTEM OF QUANTUM PARTICLES
Extension of the results of the previous section to the case of many particle systems is not very complicated. Simply one can generalize the action functional of a single particle to the following action for many particle systems:
in which λ i represents the parametrization parameter for the ith particle, N is number of particles, and now the quantum mass is a function of the location of all the particles. Note that we have considered that the mass of each particle is derived from a single field. The relation of the mass of each particle with this mass field would be derived later. In order to derive the equations of motion it is more convenient to introduce a new parameter λ and see the λ i 's as functions of this parameter. So the action functional would be:
The equations of motion can be derived by letting:
which leads to the following change in the action functional:
and setting: δA = 0 with fixed boundaries (31)
After some simple calculations, one can show that the equations of motion are:
In order to investigate the symmetries of the action functional of many particle systems, we consider the following transformation:
For such λ-translations the condition for the action functional to be invariant is that:
so that:
which on using (32) we have the following as the equations of motion:
In the non-relativistic limit in which τ i and t i are equal we have:
and:
where t is the common Newtonian time. In order to have the correct non-relativistic limit one should set:
In summary we have:
• For a single particle system:
• For many particle systems:
IV. EXTENSION TO THE CURVED SPACE-TIME Extension of the above formulation to the case of a particle or a system of particles moving in a curved space-time is straightforward. For a single particle, the relation (46)
can be generalized to:
This is the geodesic equation of motion corrected by some quantum force. Recently [9] [10] [11] [12] it is shown that this equation of motion can be transformed back to the standard geodesic equation of motion via a specific conformal transformation. Letting the conformal transformation:
one gets the standard geodesic equation without any quantum force, in terms of the g µν metric. So quantum effects are in fact geometrical effects. They determine the conformal degree of freedom of the space-time metric. [9] [10] [11] [12] In the case of many-particle systems, we have the following extension of (48):
It must be noted here that it is not straightforward to bring this equation into the standard geodesic form via a conformal transformation.
V. CONCLUSION
It is a fatal charachter of the standard relativistic de-Broglie-Bohm theory that it leads to some mass function for the particle whose square is not positive-definite. This is in fact a result of obtaining the equations of the theory by decomposing the wavefunction into its phase and norm in the Klein-Gordon equation. But there is another view about deBroglie-Bohm theory. One can imagine that there is an objectively real field in accompany to the particle satisfying an appropriate wave equation (the Schrödinger equation in the non-relativistic domain and the Klein-Gordon equation for the relativistic case). This field exerts the quantum force on the particle. These two pictures are completely equivalent in the non-relativistic domain.
In the relativistic domain the first picture, i.e. decomposing the wavefunction, leads to the standard relativistic theory which has the problem of non-positive-definitness as it is asserted above. In the second picture, one must choose the Klein-Gordon equation as the field equation and then search for an appropriate quantum force derivable from the wavefunction (or equivalantly, an appropriate equation of motion). Since in the nonrelativistic case the quantum force is known exactly, and since our relativistic equations of motion should have the correct non-relativistic limit, our criteria for the correct equation of motion is that it be a covariant equation which has the correct non-relativistic limit.
We have shown how one can write a covariant equation of motion for both a single particle and a many particle system with the correct non-relativistic limit. Also the case of motion in the curved space-time is investigated. At this end two points must be noted.
First that the extension of the problem of writting down appropriate relativistic equations for particles with nonzero spin is also possible. This would be appeared in a forthcoming work. [13] Second it must noted that the present theory is a covariant one with appropriate non-relativistic limit. This does not mean that the only theory satisfying these conditions is this one. There may be some other theory also covariant with appropriate limit. The experiment or some theoretical principles should decide which one is correct. But any theory of this kind should differ from the standard relativistic theory slightly. This is true with ours. Note that the higher terms of our mass function are small except for a case where the wavefunction changes with a very high frequency.
